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NEW VARIABLES FOR THE EINSTEIN THEORY OF
GRAVITATION
L. D. FADDEEV
Abstract. The set of 10 covariant vector fields fAµ (x) is taken as
basic variables to describe the gravitational field. Metric gµν is a
composite field. A possibility for the gravitational constant to be
described as a condensate of additional scalar field is discussed.
1. Introduction
Newton gravitational constant κ in units ~ = 1, c = 1, entering the
Hilbert-Einstein lagrangian has dimension of mass
[
1
κ2
] = [M]2.
This leads to the nonrenormalisability of quantum theory. The sim-
ilar problem of massive vector field, describing weak interaction, was
solved in Weinberg-Salam theory [1], [2] by adding the Higgs field. It is
temptating to look for the simlar solution in the Einstein theory of grav-
itation. There were numerous attempts to realize such a programm,
beginning with Brans and Dicke [3], see also a detailed discussion in
[4]. Here I present one more proposal in this direction.
To make the similarity more close one should try to describe gravity
by means of vector fields.
Vector fields were used in gravitation theory in the framework of
the embedding approach [5]–[8]. The 4 dimensional space-time M4 is
described as a hypersurface in 10-dimensional linear space R10. The
coordinates fA, A = 1, . . . 10 become functions fA(x) of coordinates
xµ, µ = 1, . . . 4 on M4 and metric gµν is an induced one
gµν(x) = ∂µf
A(x)∂νf
A(x).
Here and in the following I use only euclidean signature for simplicity.
Thus the covariant vector fields
(1) fAµ (x) = ∂µf
A(x)
appear as the basic variables. The curvature tensor, given by Gauss
formula,
Rαβ,µν = Π
AB(∂µf
A
α ∂νf
B
β − ∂νfAα ∂µfBβ ),
1
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where ΠAB is a projector to vertical direction
ΠAB = δAB − gλσfAλ fBσ ,
is quadratic in these vector fields. However the appearance of the de-
rivative in the definition of fAµ (x) leads to equations of motion, different
from Hilbert-Einstein equations. Indeed,
δ
∫ √
gRd4x = 2
∫ √
g∂µ(G
µνfAν )δf
Ad4x,
where Gµν = Rµν − 1
2
gµνR, and we see, that Gµν enters the equations
of motion with extra derivative. This fact is considered as drawback in
[6], some remedy is discussed in [8].
In my recent note [9] I proposed more radical solution, namely I
took the fields fAµ (x) as a genuine covariant vector fields and forgot
the embedding. It was shown in [9], that in this way one gets proper
Hilbert-Einstein equations. One of features of approach in [9] was
introduction of constraints
(2) ∂µf
A
ν − ∂νfAµ = 0
which led to (1) by means of adding the tensor lagrange multiplier
Bµν,A. However the more detailed analysis of equations of motion in
[9], which was done by S. Paston [10], showed that this trick is not
needed. The improved variant of the approach of [9] is given here
in the section 3. It shows complete equivalence with Hilbert-Einstein
equations of motion without using extra condition (2).
In section 4 I discuss some possibilities to explore the condensate
idea. Additional scalar fields XA are introduced and several proposals
for the corresponding lagrangian are discussed.
The work on this project was supported in part by the RFBR grant
08-01-00638 and programm “Mathematical problems of nonlinear dy-
namics” of Russian Academy of Sciences.
I am greatful to S. Paston for important comments.
2. Differential geometry
Here I shall introduce some formulas from differential geometry,
which will be used in section 3.
LetM4 be 4-dimensional space-time with coordinates x
µ, µ = 1, . . . 4.
Consider a set of covariant vector fields fAµ , A = 1, . . .D. The number
D is large enough, later we shall see that the natural choice is D = 10.
The two index field
gµν = f
A
µ f
A
ν
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and three index field
Ωα,βµ = f
A
α ∂µf
A
β
define metric and linear connection onM4. Indeed under the coordinate
transformation
δxµ = ǫµ(x)
we have by definition of covariant vector field
δfAµ = −∂µǫλfAλ − ǫλ∂λfAµ ,
so that gµν transforms as a tensor and in the transformation of Ωα,βµ
besides the usual tensorial terms we have noncovariant contribution
gαλ∂β∂µǫ
λ characteristic of linear connection.
Covariant indexes are raised as usual by the inverse matrix gµν
gµρgρν = δ
µ
ν , f
µA = gµνfAν .
The covariant derivative of covariant vector field Xµ is given by
∇µXν = ∂µXν − ΩρνµXρ,
where
Ωρνµ = g
ραΩα,νµ = f
ρA∂µf
A
ν .
Connection Ωαβµ is compatible with metric gµν . Indeed
∇λgµν = ∂λfAµ fAν + fAµ ∂λfAν − Ωσµλgσν − Ωσνλgµσ =
= ∂λf
A
µ f
A
ν + f
A
µ ∂λf
A
ν − ∂λfAµ fσAgσν − ∂λfAν fσAgµσ = 0,
however it has torsion
Tα,[µν] = Ωα,µν − Ωα,νµ.
The riemanian connection Γα,βµ is expressed via Ωα,βµ as follows
Γα,βµ =
1
2
(Ωα,βµ + Ωα,µβ) +
1
2
(Ωµ,αβ − Ωµ,βα) + 1
2
(Ωβ,αµ − Ωβ,µα)
and so Γα,βµ = Ωα,βµ under the conditions of vanishing torsion Tα,[µν].
Let us calculate the curvature tensor Sαµν,β of connection Ω. We have
by definition
Sαβ,µν = ∂µΩ
α
βν − ∂νΩαβµ + ΩασµΩσβν − ΩασνΩσβµ = ∂µ(fαA∂νfAβ )−
− ∂ν(fαA∂µfAβ ) + fαA∂µfAσ fσB∂νfBβ − fαA∂νfAσ fσB∂µfBβ .
The second derivatives cancel and using elementary property
fαA∂µf
A
σ = −∂µfαAfAσ ,
which follow from orthonormality fAµ f
Aν = δνµ, we can rewrite S
α
µν,β as
Sαβ,µν = Π
AB(∂µf
αA∂νf
B
β − ∂νfαA∂µfBβ ),
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where
ΠAB = δAB − fAσ fσB
is a projector, orthogonal to vector fields fAµ . Now we can lower the
index α to get
Sαβ,µν = Π
AB(∂µf
A
α ∂νf
B
β − ∂νfAα ∂µfBβ ).
Indeed
gαρ∂µf
ρA = ∂µ(gαρf
ρA)− ∂µgαρf ρA
and second term is killed by the projector. Now using the property of
projector
ΠAB = ΠACΠBC
we can finally rewrite Sµν,αβ as
Sαβ,µν = b
A
αµb
A
βν − bAανbAβµ
via covariant tensor fields
bAαµ = Π
AB∂µf
B
α .
We see, that Ωβαµ and b
A
αµ constitute “‘horisontal” and “vertical” com-
ponents of ∂µf
A
α . The last formula for the Sαβ,µν looks similarly to the
Gauss formula, expressing the curvature tensor of embedded manifold
via set of second quadratic forms. However our tensors bAαµ are not
symmetric
bAαµ 6= bAµα.
Thus the curvature tensor Sαβ,µν is antisymmetric with respect to in-
terchange µ↔ ν, α↔ β, but not symmetric to µν ↔ αβ.
3. Variational equations
The lagrangian
L = √ggµαgνβSαβ,µν =
=
√
gΠAB(∂µf
µA∂νf
νB − ∂νfµA∂µf νB).
was already considered in [9]. We shall not add to it the second term√
gBµν,A(∂µf
A
ν − ∂νfAµ ). Indeed, as was realized after the publication
of [9], the important comment by S. Paston [10] shows, that this is not
needed.
The variation
δ
∫
Ld4x =
∫
ΣAαδf
αAd4x
has the following form
ΣCα =
√
g
(
2QABCµ S
µAB
α −QABCα SAB
)
,
NEW VARIABLES FOR THE EINSTEIN THEORY OF GRAVITATION 5
where
QABCµ =Π
ABfCµ +Π
ACfBµ + Π
BCfAµ ,
SµABα =∂αf
µA∂νf
νB − ∂νfµA∂αf νB
and
SAB = ∂µf
µA∂νf
νB − ∂νfµA∂µf νB.
Consider separately the “vertical” and “horisontal” contributions to
ΣAα
ΣAα = 2
√
g
(
fµAHαµ +Π
ABV Bα
)
.
The vertical part V Aα is given by
V Aα =
√
g
(
(ΠACfBµ +Π
ABfCµ )S
µBC
α −ΠACfBα SBC
)
and using the definitions of bAαµ and Ω
α
βµ can be rewritten as follows
(this was done be S. Paston [10])
V Aα =b
βA
β (Ω
µ
µα − Ωµαµ) + bβAα (Ωµβµ − Ωµµβ) + bβAσ (Ωσαβ − Ωσβα)
and so is a linear combination of torsion. We have 24 components in
torsion and 4(D − 4) equtions of motion
(3) V Aα = 0.
Here we take into account, that due to the presence of projector in the
definition of bAαµ index A effectively runs through D − 4 values.
The set of equations (3) is linear in the components of torsion and
have the form
KAα
[µ,ν]
λ T
λ
[µ,ν] = 0,
where matrix elements of matrix K are expressed via bβAα . In case
D = 10 K will be quadratic 24 × 24 matrix. We shall not write its
explicit form via 96 components of bβAα , however we can show, that in
the generic situation this matrix is nondegenerate. Thus the equations
(3) lead to the vanishing of torsion
T
µ
[αβ] = 0
and so
Ωαβµ = Γ
α
βµ.
Of course the equations V Aα = 0 can have another solution, imposing
conditions on bβAα , so I should present arguments, supporting the solu-
tion taken here. Until now I have only esthetic reasons, more serious
discussion must be based on global variational considerations.
The horisontal part of ΣAα
Hαµ =
√
gΠBC(SBCαµ −
1
2
gαµS
BC)
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give 16 equations of motion,
Sαµ − 1
2
gαµS = 0,
out of which 6 are trivialy satisfied and 10 coincide with Hilbert-
Einstein equations due to condition
Ωαβµ|T=0 = Γαβµ.
Thus it is shown, that vector variables fAα with 40 components lead to
the same equations as 10 components of metric gµν .
Now I should employ new ooportunity to modify the Einstein theory
of gravity.
4. Scalar field and O(6) symmetry
Let us add to the list of fields the set of scalar fields XA and consider
separately their horisontal and vertical components. For that it is
convenient to introduce the set of orthonormal vectors eAa , a = 1, . . . 6,
orthogonal to fAµ , considered as vectors in R
10
fAµ e
A
a = 0, µ = 1, . . . 4, a = 1, . . . 6
eAa e
A
b = δab, Π
AB = eAa e
B
a .
The horisontal components of XA give vector field Yµ = X
AfAµ on
M4 and vertical components Za = X
AeAa give vector in R
6. We can
introduce the connection
θµ,ab = e
A
a ∂µe
A
b
and so we define covariant derivatives for Yµ and Za
∇ΩµYα = ∂µYα − ΩβαµYβ,
∇θµZa = ∂µZa + θµ,abZb
and use them for construction of lagrangians covariant with respect to
coordinate transformations and local O(6) relations. It is instructive
to observe, that in the natural kinetic term for the vertical components
LZ = √ggµν∇θµZa∇θνZa.
the reference to the basis eAa disappears
LZ = √ggµνΠAB(∂µXA − bAσµY σ)(∂νXB − bBρνY ρ).
This will be shown in Appendix I. Also it is useful to take into account,
that ∇ΩµYα can be expressed via bAαµ as follows
(4) ∇ΩµYν = fAν ∂µXA + bAνµXA,
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so that in covariant derivatives the vertical and horisontal components
of XA interchange.
It is time to consider the dimensional attribute to all these fields. It
is natural to consider the basic fields fAµ dimensionless, then the metric
gµν and connection Ωα,βµ have usual dimensions
[gµν ] = [L]
0, [Ωα,βµ] = [L]
−1.
The scalar field XA has dimension as usual
[XA] = [L]−1.
In this way LZ and all lagrangians below have dimension [L]−4, so that
the associated coupling constants are dimensionless.
Now we turn to the main speculation of this paper. We can introduce
the covariant interaction lagrangian
(5) LX,f = √ggµαgνβXA(bAαµbBβν − bAανbBβµ)XB
with dimension [L]−4. Under the hypothese, that we have in quantum
theory nontrivial condensate
< XAXB >=
1
κ2
PAB
we can imply, that our version of the Hilbert-Einstein lagrangian reap-
pears as an effective lagrangian in some more microscopic theory. Note,
that this condensate does not contribute to LZ because terms without
derivatives there contain only horisontal component of XA, namely
Yµ = f
A
µ X
A.
It would be nice to get LX,f as “massive” term for vector field. Indeed
the natural choice
Lˆ = √ggµαgνβ(∇ΩµYα∇Ων Yβ −∇Ων Yα∇ΩµYβ)
contains the term LXf as quadratic form without derivatives due to
(4), but it will be shown in Appendix II, that it is not compatible with
the expected condensate.
Thus a lot of work is still ahead to explore fully all possibilities of
vector variables to describe gravity and develope the cprresponding
quantum theory.
Appendix I
We shall show here, that in the expression ∇θµZa∇θνZa the reference
to variables eAa disappear. We have
∇θµZa = ∇θµ(eAaXA) = eAa ∂µXA + (∇θµeAa )XA
= (∂µe
A
a + θµ,abebA)X
A + eAa ∂µX
a.
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Consider the expression ΠAC∂µΠ
CB. Using the definition
ΠAB = eAa e
B
a
we get
ΠAC∂µΠ
CB = eAa e
C
a (∂µe
C
b e
B
b +e
C
b ∂µe
B
b ) = e
A
a θµ,abe
B
b +e
A
a ∂µe
B
a = e
A
a∇θµeBa .
On the other hand we have
ΠAC∂µΠ
CB = −ΠAC(∂µfCσ fσB+fCσ ∂µfBσ ) = −fσBΠAC∂µfCσ = −bAσµfσB.
Thus
eAa∇θµZa = ΠAC∂µΠCBXB +ΠAB∂µXB = ΠAB∂µXB − bAσµY σ.
Finally due to orthonormality of eAa we have
eAa∇θµZaeAb ∇θνZb = ∇θµZa∇θνZa,
from which the formula in section 4 follows.
Appendix II
To make analogy with WS theory one could consider the lagrangian
(fµA∂µX
A + bµAµ X
A)(f νB∂νX
B + bνBν X
B)−
− (f νA∂µXA + bνAµ XA)(fµB∂νXB + bµBν XB).
Indeed, coefficients in the quadratic form XAXB coincides with the
LX,f . However, as already mentioned in the main text, the last expres-
sion is equal to
√
g
(∇µY µ∇νY ν −∇µY ν∇νY µ) = √gL
and it contains only horisontal components of Xa. It can be trans-
formed as follows. Denote
W µ = Y µ∇νY ν − Y ν∇νY µ.
We have
∇µW µ = L+ Y µ∇µ∇νY ν − Y ν∇µ∇νY µ = L+ Y µ[∇µ,∇ν ]Y ν .
We can see from the expression of Γα,βµ via Ωα,βµ that
Ωµνµ = Γ
µ
µν + T
µ
νµ
so that √
g∇µW µ −√gT ααµW µ = ∂µ(
√
gW µ)
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is a pure divergence. Thus∫ √
gLd4x = −
∫ √
gY µ[∇µ,∇ν ]Y ν + . . . =
=
∫ √
gY µSνβ,µνY
β + . . . =
=
∫ √
gY µgναSαβ,νµY
β + . . . ,
where we do not write explicitly contribution of torsion, and so to
realize the main proposal we need condensate
< Y µY β >∼ 1
κ2
gµβ
which will enter also the kinetic energy of Zµα. So it seems, that it is
preferable to use the lagrangian (5) per se and interprete it as a kinetic
term for vector fields fAµ .
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